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i~~~)rt t~ t r~~ p~ rt , o~ linear and nonlinear diffusion equat i ons is that 

.f ;uc~ , : : . i ! i~~~7i~ ; obey a ~~ax1m~~ principl~~ . In particular ,

if t~~. m i t  ~~~~ ~I~tt~~ and the f o r c i !~~ t ’ rri :~ ~~ nonnegative , then the s o I ut i~~n is

? f l r . t~c;, t t  1 V~ - 
.

F. ~~~tj on \ )  .t.ito.i in the ~bstract i a generalization of the evolution

+ A~ -
~~ 0

•

~~~r i ’ AU(X) ~~u(X) wi’ch r’lr i~ hlet or Neumann conditio~w on a

~~‘ ~~~~~d~~ain ‘f ~~ , t?~~ fl (~ r~~~~~~~t ion (DE) is tF~ standard heat equation ~tn ~~

t solu ’ ion is nonnegative whenever u~ t n t  q are nonnegative.

~~ e ~ o1terr,~ c—~~n~t ~~~ Cv) ~ an ab~t.ractio~ a mathematical model for

~~~ ‘ low .~ ~o~teria1 with ~~ emory~~. The kernel h in (V) can

be ~‘x~ ~~~~~~ in terms of the ~
-
~ y~ ical1y meaningful heat ‘lux and internal

energy r~ laxat~~n functions.) 
- ——————5 5 

5.-. • •. -~~ .*.C
~~ !n t h i s pape r we ~~~isi-~ ew equation (V) for a class of kernels b ,which

i”~ •~~r the :- -~u t ~~v i t y  of ~he solution opera tor . ror this class of ker nels we

use t”~ Th ISp: ’~~ -f nonline’t r functio,~al analysis t establish bounde&iess and 

t o t  C c  behavioi~r of solutions of (V) as t We show that in the

‘~cial - 5 a~ e b • ~
1(0 ,.,) the memory induces a dampi effect on solutions

.~ t

~~~r - - por~-~ bility for the woriinq and views express*~~Tn this descript ive
a i’iir~ l:c~ wi~~- ~~~~~~~~~ and not with the author of this report.
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ON ABSTRACT VOLTERRA EOUATIONS WITH
KERN ELS HAVING A POSITIVE RESOLVENT

Ph. Clement

1. Introduction

Let x be a real Banach space with norm I • C .  Let A be a m-accretive

operator in X • (~ 1, i.e. for every ) -. 0 • :~~ (I .
~
. )

~.A) 1 
is a non—

expansive map which is everywhere defined on X • We consider the following

Volt er ra  equation of convolution type :

( 1. 1)  u ( t )  + b • A u ( t )  f ( t )  t > 0

~~‘re h is a given real kernel , f is a given function with values in X

and b • Au (t) • b(t—s)Au(s)ds. Since for every ~ 0 , the Yosida approxi-
0

mation of A • A : (I-3~~) is Lipschitz continuous, the equation

Cl. l)~ u(t) • b A~U(t) • f(t) t ~. 0

possesses a unique solution u. • C((O,T1~ X) if b L1 (O,T1 and f • C (fO ,TJ ;X) ,

T 0 • In t4), Crandall and Nohel have proved that if the ass~aaption

I b W~~~
1

’’~’ ,T~~, b (o) 0 , b BV (0,T1

(H i)

f , f ( ( ~) ~~~~

is satisfied , then there exists u C (1O ,T)~ X) such that lim u~ • u in
1 40

C (t~
),ThX): u is called the generalized solution of (l.~ ). Note that i’ (Hi)

is satisfied , then there exists a unique u
0 ~T~T and a un ique g L~ (0,~~X)

such that

(1.2) fit) u
0 • b • g(t) 0 ~ t

Indeed • f(O) and g is the unique solution of the equation

b(0)g(t) • • q(t) — ht) 0 ~ t ‘ IT

(where • d/dt). Conversely, if b W1’1(0,T). b(O) ‘ 0 , BVtO ,?) and

u0 5T~T. q C !)(O,T,Y), then f given by (1.2) satisfies assi ption (Hi) .

Research partially sponsored by Techniache Hogeechool. Delft~~The Netherlands,
and the United States Army under Contract No. bAAG29-75-C—0024. 
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The proof in 14) of the existence of a generalizel solution of (l.l)~ - h ’~ ;

that (1.1) is closely related to the equation

( u(t) + A..(t) 5 g(t) 0 t T

(1.3)

u ( 0) •

which is (1.1) with b 1. It is known 131, that if u1 
and u

2 
are the gener-

alixed solutions of (1.3) corresponding to the data u0 1
, u0 2  

and g1
,g
2, 

t h ~~ -.

th e following estimate, ~.•birh implies continuous dependence of solutions of (1.3)

holds :

(L.4) 1u 1
(t) — 

~~~~~ 
~~~ 0u0 1  

— u 0 2 0 + b — g2
fl (t)

on C),T1, with b 1 . In this paper we consider a class of kernels satisfying

(Ml), containing the kernel b 1 , for which the estimate (1.4) still holds.

Such class of kerne~.s was introduced in 12. assunotions 1:4, H53 . Moreover, we

prove that i ’ the kernei b belongs to this class and is in 1)10,..), then the

generalized solution of (1.1) converges strongly to a limit u,~ provided that q

itself is bounded and converges to a limit g • If b f L110,’), it is well—

known that u may not converge to a limit. (Ta)~e x - with the Euclidean

norm. A : 

~~ 
) , b E 1 , g • 0 , U

0 ~‘ 0) .  Uork is in progress on an

analogous result in the case b I L (0 , ’) and ..~ - ~.i! + B (w -‘ 0, B a-accretive) .

In order to state our main assueption on the kernel b we need the following

definitions . For b ‘ I. ’(O ,T) , let us denote by r (b )  the r esolvent of b , i.e.

the unique solution in 1)10,?) of the equation

(1.5) r + B r • B 0 ~ t IT

and by s (b) , the unique solution in A d o ,?) of the equation

( 1.6) s • b ‘ v • 1 0 t IT.

—2-
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Our b~ i’ t~ assumption on the kcrnel b i~

~
‘or every :. 0 • r(lb) 0 a.e. on (0,?)

( ‘ 1 5 . ’ )  ~

1 and s(~b) ~~0 on b I T).

It ~~‘; known (7) , ~‘i  ( .~) that if b 1)10,?), is positive, nonincreasing and

if loq b is convex on (0,?), then b satisfies (H2). Observe that if b is

completely monotonic (0 ,-) , then log b i~i convex (7). Observe also that

(H2) implies b > 0. In order to avoid trivialities we shall assume that b

is not identically equal to 0 . In connection with this class of kernels we

mention the following “positivity ” result:

Theorem ( 2j  Theorem 5) Let b,f ~~~~~~~ (Hi) and (H2) on (0,?) with

f • u0 o b • g. Let P be a closed convex cone in X . If J )
(P) C P for

every ~ 0 , u
0 

. r and g(t) p i.e. on (~~,T) , then u the ~enera1ized

solution of (1.1) satisfies u(t) P , t . ( I T).

2.  Statement of results

We first give the generalization of (1.4) to (1.1) with kernels b satisfying

(142 ) .

Theorem 1. Let b, f1,f2 satisfy (Hi) and (H2) on 10,?), f~ • ~~~~ +

b • g1, i - 1,2. Let u1,u2 be the corre.p~onding generalized solutions of (1.1)

on (‘),T~ . Then

(2.1) 1u 1
(t) - u2

(t)I ~~~~~~ - u02 0 + b ‘ ~g1 
- g21 (t )

0(~~~~~T holds.

— O~ir main result concerns the asymptotic behaviour of solutions of ( 1 .1)  as t • — .

For result . in this direction , in the scaler case , but for more general kernels b ,

we r efer the reader to (6 1 . $
yiii t f ~

I 
_ _ _p :- . —-

•1 I., •• I ~

~~~~~ 3 
~~~~~~z.•~ .~~ _ _ _ _ _ _

_ _ _  ihill L~~~~~

—
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Theorem 2. Let b , f satisfy (Hi) and (142) on (O ,T) tor ‘v~’~~y T ~~ 0 ,

f - u0 
+ b • g and b • 0. i f  b L1 (0 , ”) , q L t 1~ ,X) .tr ~~l 1 r ~~g (t~ • g

exists in X • then

rb (s)da

(2 . 2) I u ( t )  — u ( I  — — H u ~ — u U  + b • fig — g U  ( t )
b(.)ds

0
holds for t -

~ 0 , where u is the generalized solution of (1.1) and u —
(I ~ bA)

1(u ,~ + q )  with b — r b(s)ds.

3. Proofs.

I n  the proofs we shall use the fact that i f  V ( I)i0 ,?:X) satisfies

(3 . 1) v(t) .# b • v(t) • u~ + b • gtt~ 0 t T

with b ~
- L 1(0 , ) , ~ ‘ and q T}(0.T,X) then

(3.2) v (t) — s(b) (t)u 0 + r (b) • g(t) 0 ~ t ~ T

holds.

Proof of Theorem 1.

We first establish (2.1) with A replaced by A , ‘ ‘ 0 and then w. n~~~~

to the Limit as ~ 0 . For ‘
~ ~ 0 , let ~~~ satisfy

(3.3) ~~~~ + b A
~
u
1~~ — u0 1  

+ b • g
~ 

t • to ,?), i —

From the de f in i t ion  of A~ , we have

(3.4) U i A  + ‘ ‘b u~~~ • ~. 1b ~~~~~~ ~ u0 
s b • 

~~~

, , ~ 1 , 2 .

using (3.2) we get

(3.5) — rP 1b) ~~~~~ + s ( A ’b)u 0 ,~ + ~r(~~~b) 
• g1 , 

i — 1 , 2.

Next we estimate lu - u P. Since .7 ii nonexpansive. s(1~~b) snd
1,. 2,

r (
~~~

b) are nonneqative, we obtain:

(3.6) ~Iu 1 1  
— u 21~ J! .. r~~~

4b) I u 1~~ — u2) s s(~~~
’b) Hu

01 
— u 0 2 P *

~r ( 4b) Ig~ — q21

—4—
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We take the convolution of (3.6) with (which is nonnegative ) and we add

(3 . ”~~. W~’ have

(3.7) flu 1 .  — 4 f l u 1 1  
— u2 \ fl

(r(A 3 b) + ~~
1’b r(~~

1b)) flu — U U

+ (s (~~~b) + A
1
b a (A~~b))IIu -

+ ~(r(1~~b) ~~~b r(~~~b)) ‘
~~l 

-

~~~ the definition of r(’~~
’b) and s(~~~b), we obtain Nu

1~~ 
— u2 .P <

fl u - u0 2 fl + b fig
1 

- g.~~. The conclusion of Theorem 1 follows by letting

A ~~ to 0

Proof of Theorem 2.

As in the proof of Theorem 1 ., we f i r s t  prove the result with A replaced

by A . , > 0 .v’.- t then we pass to the limit as A 4 0

I 0 , let u satisfy

(3.8) u + b ~~u1 • ‘ b • g

From the definition o’ A . and (3.2) we have :

(3.9) u 1 r (1~~
’b) .‘~ u. + s(~~

1b)u~.~ + ~r ( A 1
b) q

Since A is u%-accretj ve 1 A . is also m—ar cret ive and there is a unique u~

sa t i s f ying

( 1 . P)  u~ + b A~u~ — u0 4 b

where b a b ( s)da .
0 1

~sinq again the fact that b ~ 1. (0 ,?) ,  we can rewrite (3. 10) as

(3.11) u1 s b • A~
u

~ • U
0 

+ b • g + b (g — g) — C

where

(3 .12)  ~ (t )  : r b (s)ds
t

and

~

— -

~ 

‘-
- 

_ -55-5
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(3.13) w : — A U . — g

L t  ‘~ satisfy

(3.14) n ~ ‘ ‘b ‘~ — ~ .

Then obvious ly ~~~, satisfies

(3. 15) 5.5 V
A ‘

1’b ‘~ w 1 • E~ w~ .

“sing (3.11), (3.15), (3.2) and the definition of A . we obtain

(3.16) u — r ( A 1
b) 3 U , + s (A~~b)uIa 0

s ~r (~~
1b) g + A r ( ~

” 1b) (g~ — g) — n

Subtracting (3.16) from (3 .9 )  and using the fact that 3A 
is nonexpansive .

—1 —l• ( X  a) ,  rCA a) are nonnegative, we get :

(3. 17) Pu . — u
~~

fl c rU 1b) f lu x — u 1 11 4 ~r (1
1b) a fig ,, — gIl +

Next we take the convolution of (3.17) with ‘
1b (which is nonnegative) and we

add (3.17), we obtain

(3.18) UU A — U 1~~
’ b • fig — g,,U ~ ( t n t + 1

1
b tnj )ftw~fi . 

a

We claim that n is nonnegative. Indeed r~ satisfies (3.14) with

C(t) — — b (s)d .  . Thus n satisfies (3.1) for every IT ‘ 0 , with X — F ,
0 1

b replaced by A b, u0 replaced by and q replaced by -~1. where

1(t) 1. From (3.2) we get

(3.19) -Ct ) s(~~
1b)(t)b — A f

t r (X 1’b)(r)d t ‘ 0
0

By using the identity

(3.20) s(~~
’b) (t) + f ~ r (i~~b) (~)d~ a 1 t > 0

we have 0

= 
(3.21) ~ (t )  • —

~~~ r ( A ’
~b) (t )  — Ar(A ’1b) (t) t > 0

The fact that , A are positive and assumption (H2) imply that n is nonincrea sing .

It remains to prove that lim n(t) > 0

-6-
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-l

--5-S --5— — -S5.~~-S-5-55.5.__-5-5 —5.55 -5 —-— 55 - -5.- -5 — —



‘5.. .— 5 .~~- -5— -S—-;-,---. - .~- - 5.—— -----5.— ‘—-5—- --- ,- 
, - — ---S —_—.-——-.=_--.-_— — —5.- ,- — - -

From ( 3 .2 ’.)) and assumpt ion (142), it follows that ~~( *  b)(o.’) :~ lie s(~ b) (t)
t .-

exists ,in=1

(3.22) (A 1
b~ (a) - r r (A tb) ( i ) ~~~~

0
holds.

!.~‘tting t go to infinity in (Ll9) we get

(3.23) lie ~~“~~( t )  — s (A  b) (a) A~~ ’~ — r r(i~~b)(~ )d~t . a  0
hence from (3.22) , we obtain

(3.24) Urn ‘
1 n (~

) • s ( ’~~b)(-)(1 + ~~~b) — 1
t .5,,

Next we observe that

(3.25) s(. 1’b)(ui)(l + ~~~~ — 1

5 _ iIndeed from the definit~.on of s( b) we have

Ct) + A t b s(~~~b) Ct) — 1

But lie s(.~~b) (t) e~~sts, 0 < s (1 1
b) (t) 1 for every t > 0 , and

b . 1,1 (0,..), thus (3.2tl follows. Consequently lie (t) — 0 and ‘(t) 0
t+—

for every t > -
~~~. Replacing ~~~ by n in (3.18) and using (3.14) , we obtain:

(3.26) Pu 1 — u 3~,,fi ‘~ ~t lw 1fl + b • fi g — g I l .

Since b 0 , using (3.13) we have

(3.27) 
~(t)ftw I — ~~~ fl A u — bg I .A b

Finally using (3.10), (3.17), (3.26) and (3.27) we get

r b(s)da
(3.28) Iu 1

(t) — u1,,I ~~ f lu
0 

— + b • Pg — gJ (t) t > 0
1”’ b (s)ds
0

Observe that (3.28) is the conclusion of the theorem with A replaced by A 1.

Since A is m—accretj v . we have

lie U1,, :“ lie (I + bA 1) ~ (u 0 s b
14 0 140

• 
.
1
~:

II:
.~1 
(I + bA) ~(u

0 + g,,) • t  a

—7—
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Using assumption (Hi), lie u 1 • u in C ( [ 0 ,T ) ; X ) , thus (2..) follows from

(3.28) by letting go to 0

4

Remark. It is clear from the proofs of the theorems that the assumption (Hi)

has been used onl y to insure that lie u~, exists in C ( ( 0 ,T 3 , X ) , fo r every T - D.
1 4 . 0

Indeed Theorems 1 and 2 are valid for A replaced by A 1 • A 0 , if the .t’ ~~~~~
- —

tion (Hi) is replaced by the assumption

I a a

(HI’) 4
~ x , g ~ L 1’ (O ,T : X )

It has been proved in (2 , Th. 1(u ), Th. 2(i), Remark 2.31 that under the as:.~r.

tions (141’) and (142), i ’ A is linear m— accretive with D ( A )  dense in X t ; ,~~

ija u 1 exists in 1)’(O,T;X). ‘Therefore in the linear case, Theorems 1 and .. *

1. 0
are true with (HI) replaced by (Hi’). Then pointwise inequ&l~ities t .l) ~a ’ ’

(2.2) have to be replaced by a.e. inequalities.
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Volterra equations , positiv, solutions , asymptotic behaviour, positive
resolvent

- 5 
10 sat ‘i mc, (C.,r.~~~~~ ..~~~. .a~~ U ~~~~~~~~ a~d ~~~~~~ Ip lt..h ~~~~.4wa. consider the nonlinear abstract Volterra equation of convolution type:
‘~

.‘) ta C t ) • b • Au (t ) u . b • q(t )  t ~ 0
‘here A is a—accr .ttve in0. Banach space X b i sa given real kernel , u0c 5T~T
:rsd q :I 0 ,~~) -. X ar e given .

Roundedness and asymptotic properties of the solutions are established under
~ ‘ n m~~~umption that the kerne l satisfies certain natural oositivity co tions.
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